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Many dynamic systems and industrial control processes can be represented by a multirate sampled-data 
uncertain system, which consists of a continuous-time uncertain subsystem and a multirate discrete-time 
uncertain subsystem. The uncertainties in these systems arise from unmodeled ynamics, parameter uariations, 
sensor noises, actuator constraints, etc. As is the common practice the sampled-data uncertain system needs to 
be converted to a purely continuous-time or discrete-time uncertain model, so that the well-established anaiysis 
and design methods in the continuous-time or discrete-time domain can be direct& applied to the equivalent 
model. This paper presents a new interval multipoint Pade approximation method for converting a 
continuous-time (discrete-time) uncertain linear system to an equivalent discrete-time (continuous-time) 
uncertain model. The system matrices charactetizing the state-space descnptions of the original uncertain 
systems are represented by interval matrices. Using the approximate uncertain models obtained based on 
interval ana&is and multipoint Pade approximation the dynamic states of the resulting models have been 
shown to be able to closely match those of the original uncertain systems for a relatively longer sampling 
period. 0 1997 by Ekevier Science Inc. 
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1. Introduction 
Dynamic systems are often formulated using continuous- 
time and/or discrete-time equations with uncertain pa- 
rameters. The uncertainties of these systems arise from 
unmodeled dynamics, parameter variations, sensor noises, 
actuator constraints, load disturbances, nonlinear effects, 
etc. These uncertainties generally do not follow any of the 
known probability distributions and are most often quanti- 
fied in terms of bounds. Hence, uncertain systems are 
usually represented by continuous-time and/or discrete- 
time uncertain models with interval parameters. In order 
to carry out digital simulation and digital design for these 
continuous-time uncertain systems it is often desired to 
find an equivalent discrete-time uncertain model from the 
original continuous-time uncertain model. On the other 
hand, identification of these continuous-time uncertain 
systems using the discrete-time input-output data ob- 
served in the systems may also result in discrete uncertain 
models. In this case it is required to find the original 
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continuous-time uncertain systems from the identified dis- 
crete-time uncertain models. These procedures are called 
model conversions. 
The model conversion of a nominal continuous-time 
(discrete-time) linear systems to an equivalent nominal 
discrete-time (continuous-time) linear model has been 
studied by Shieh et al.‘, * and elsewhere in the literature.3 
However, methods for model conversions of uncertain 
linear state-space models have not been sufficiently ex- 
plored. Recently, Ezzine and Johnson4 used a perturba- 
tion method to convert a continuous-time uncertain linear 
system to an equivalent discrete-time uncertain model, 
but they did not solve the converse of the problem. AIso, 
Shieh et a1.5y 6 developed a bilinear and inverse-bilinear 
approximation method,5 the Pade and inverse-Pade 
method,6 and the geometric series approximation method7 
to convert a continuous-time (discrete-time) uncertain sys- 
tem to an equivalent discrete-time (continuous-time) un- 
certain model. In these approaches57 ‘, 7 the model conver- 
sions are carried out by neglecting the high-order terms in 
the sampling period and perturbation parameter matrices 
in the state-space settings. The uncertain models so ob- 
tained usually retain explicitly the structured uncertainties 
of the original uncertain systems, which contain a suffi- 
ciently small sampling period and some small parametric 
uncertainties. All the approximate models studied in Refs. 
0307-904x/97/517.00 
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5, 6 and 7 approximate the original uncertain models well, 
but only around the “origin.” Therefore the error in the 
approximated models introduced by using these methods 
increases as the norm of the system matrix increases.‘, 9 
In this paper we present a new method for the model 
conversion of unstructured uncertain linear state-space 
models using the multipoint Pade approximation method 
together with interval arithmetic and interval analysis. The 
principle and algorithms of the nominal multipoint Pade 
approximation method”, l1 are introduced in Section 2 
and Appendix A, respectively. Model conversions of un- 
structured uncertain linear models using the interval mul- 
tipoint Pade approximation method are discussed in Sec- 
tion 3. A numerical example is given in Section 4, and 
conclusions are summarized in Section 5. In Appendix B, 
moreover, interval arithmetic and interval analysis’*-l4 
are briefly reviewed for the reader’s convenience. 
2. Preliminaries 
2.1 Multipoint Pade approximation 
Consider the Taylor series expansion’-” of a given func- 
tion 
F(S) = $ A,jCs -sS,)iY i=1,2 r ,.**, (1) 
j=O 
wheresi,i=1,2,... , r, are the distinct interpolating points, 
or expanding points, in the complex plane. If a rational 
function 
P,(s) 
R,,(s) = - = 
p. +p,s + *** +p,sL 
Q,(s) q,, + q,s + .** +q/ ’ 
L<M (2) 
exists and has the property 
n,-1 
R,,(s)= C fi,j(S-Si)i+O[(s-si)n'], 
j=O 
i=1,2 ,...,r (3) 
where 
L+M+lAN= ini (4) 
i=l 
ni is the order number of the Taylor series expanded at 
the ith interpolating point si, and O[(s - siYal represents 
a power series in which the order of O[(s - sijnt] is not 
less than the n,th order, then the rational function R,,(s) 
is called the r-point Pade approximant of the function 
F(s). It is noticed that when all si equal zeros (i.e., r = 1, 
si = O), then the approximate function R,,(s) is simply 
the ordinary (single-point) Pade approximant. More de- 
tails about the method and equations for finding the 
multipoint Pade approximant are included in Appendix A. 
From the definition of the multipoint Pade approxima- 
tion it is clear that the multipoint Pade approximant 
equals the original function F(s) exactly at the interpolat- 
ing points sit i = 1,2,. . . , r. Hence the multipoint Pade 
approximant can approximate the original function F(s) 
over a wider range than the ordinary Pade approximant 
without losing accuracy. 
2.2 Model conversions of nominal systems via multipoint 
Pade approximation 
Discrete-time model conversion. Consider a continuous- 
time linear system 
_$(t) =A_x,(t) + h,(t) x,(O) =x0 (5) 
where x,(t) ~9’“~~ is the state vector, u,(t) ES%?~~* is 
the input vector, A ~9”‘” is the system matrix, and 
B ~9”~“’ is the input matrix. 
The discrete-time system model corresponding to equa- 
tion (5) for a piecewise-constant input u,(t) is 
x&T+ T) = Gx,(kT) + Hu,(kT), x,(O) =x0, 
(64 
where 
G=eAT (6b) 
H=j TeA’Bd7= (G -Z,)A-‘B (6~) 
0 
u,um = u,(t), kT<t<(k+l)T (6d) 
where G EL%?“~“, H E%‘“~~, and T is the sampling pe- 
riod. It is desired to find the discrete-time system matrices 
(G, H) from the continuous-time system matrices (A, B) 
using the multipoint Pade approximation method. Accord- 
ing to the principle of multipoint Pade approximation 
described in Section 2.1 the exponential function es can 
be expressed by a rational function (denoted by R,(s)), 
which has the form of equation (2) such that R,(s) has the 
property 
n,- 1 
R,(s) = ,f; f (s - s$ + O[(s - si)“‘], 
. 
i = 1,2 ,...,r (7) 
where the expanding points si are selected near the eigen- 
values of A. Then the discrete-time system matrix G is 
approximated by 
G = eAT E R,(AT) 
= [ qoZ, + qlAT + ... +q,&4TI”] -’ 
x [ poZ, +plAT+ 1.. +pLUTIL] 
L GM, (8a) 
=p,[ Z, + b,AT+ 1.. +b,(AT)“] 
-1 
x [I,, + a,AT + *.* +aL(ATIL] (8b) 
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where the sampling period T has to be suitably chosen 
such that the matrix inversion exists, {pa.. .pJ and 
{qO.. . qM} are the results of the Pade approximation, 
p, =pa/q,,, U; ‘pi/p,,, for i = 1,. . . , L, and bi = qi/qo, for 
i=l , . . . , M. It is worthy to note that if one of the interpo- 
lating points is zero, p,, must be equal to qO (i.e., p, = 11. 
Continuous-time model conversion. If a given linear sys- 
tem model is described by equation (6a) and the desired 
system model to be found is described by equation (51, 
then the system matrices (A, Bl need to be solved from 
the system matrices (G, ZZ).8 They have the following 
relations: 
where the interval system matrices A’E$%%‘“~” and B’ 
E‘5zPxm contain the degenerate interval matrices (i.e., 
real matrices) A, ~9”~” and_& l snxrn, respectively, 
such that A, E A’, A’ =&4, Al = [A, - A A, A,, + A A], 
A,=;[x+A], AA=;[A-/I], B,EB’, B’=[&B]= 
[B, - AB, B, + ABI, B, = i[B+lJ], AB = f[B-B], and 
c EzzFX”. Here and throughout the paper we use 
9~f’xq to denote all p X q interval real matrices. Because 
the system output matrix C does not affect the conversion 
of system models we let matrix C be either a degenerate 
matrix or an interval matrix in this paper. 
The discrete-time uncertain model corresponding to 
equation (12) for a piecewise-constant input u,(t) (de- 
noted by u,(t)) is 
A = $ln(G) (9a) x,(kT + T) = G’x,(kT) + H’u,(kT) (13a) 
and 
B=A(G-I,)-‘H 
y,(kT) = Cx,(kT) 
(9b) 
where 
Similarly the logarithmic function In(s) can be expressed 
by the rational function R,(s), which has the form of 
equation (2), such that R,(s) has the property 
G’= eA’T (13c) 
H’ = lTe A’7Bfd7= (G’-Zn)(A’)-lBf 
0 
(13d) 
“,-I (-l)j+l(si)-j u,(kT) = u,(t), forkTgt<(k+l)T (13e) 
R,(s) = ln(s,) + c 
j=l j! 
(s - Si)j 
T is the sampling period, and the interval matrices, G’ E 
+0[(s -#I, i = 1,2,... (lo) 
nxn and H’ E~SF”~~, contain the degenerate (real) 
zzrices, G, ~9~~” and H, ~~~~~~ such that 
Then the desired matrix A is approximated by 
G, = @rT E G’ z/T (14a) 
A = fin(G) E +R,(G) H,=(G,-Z,)A;‘B,EH’=(G~-Z,,)(A’)-’B1 
1 
(14b) 
= ?[qol, +q,G+ --* +q,(Gj”] 
-1 
x [ POZ, +prG + 0.. +p,(G,“], 
Here it is very important to remark that the expression 
(G -Z,)(A)-’ in equation (14b) is well defined even if A 
L<M (11) 
is singular, since G = eAT = Z +AT + 1.. so that (G - 
Z,)(A)-’ is only a convenient notation. We will use this 
The multipoint Pade approximation method gives a 
solution much more accurate and with a much wider 
range for system matrices (A,G) than that obtained by 
using the ordinary Pade approximation method. When all 
the eigenvalues of the argument matrix are available and 
used as interpolating points in the approximant the multi- 
point Pade method gives the exact solution.’ 
3. Model conversions of uncertain systems via 
multipoint Pade approximation 
3.1 Discrete-time model conversion 
An unstructured continuous-time uncertain linear system 
model can be expressed in the following interval form: 
&(t) = A’x,(t) + B’u,(t) x,(O) =x,0 (12a) 
notation frequently throughout the paper, which should 
not cause confusion. 
It is desired to find the discrete-time interval system 
matrices (G’, H’) in equation (13) from the continuous- 
time interval system matrices (A’, B’) given in equation 
(121, using the multipoint Pade approximation method 
with its interval algorithm. 
Following the method in Ref. 6 the approximate dis- 
crete-time interval matrices (G’, H’) shown in equation 
(13) can be obtained by using the interval ordinary 
(single-point) Pade approximation method as follows: 
(15a) 
where 
N,(A’T) = Z,, + k 
k(k- l)...(k-i+l) 
i=l 2k(2k- 1)...(2k-i+ l)i! 
y,(t) = Cx,(t) (12b) x(A’T$ (1%) 
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and 
D,(A’T) = I$( -A’T) MC) 
The sampling period T must be suitably selected to en- 
sure that the matrix DJA’T) is invertible. When k = 2 
the second-order interval ordinary Pade approximate 
model is given by 
G’z D;‘(A’T)N,(A’T) 
0 Gp = - ;AIT + ;(A’T)” 1 
-1 
Z, + ;A’T + ;( AIT)' 1 (16a) 
Z, - ;A’T + &A’Tj2 1 
-1 
A’T (16b) 
The alternative representation of the expression (16a) in 
(16b) gives a better numerical result (less conservative 
result) for the evaluation of Gp. The associated second- 
order interval ordinary Pade approximate input matrix is 
as follows: 
I, - WAIT+ &(A’T)~ 1 
-1 
BIT (17) 
Without losing generality we will concentrate on the 
analysis and comparison of the second-order ordinary 
Pade approximate model and the second-order multipoint 
Pade approximate model in this paper. In this section we 
first propose the interval multipoint Pade approximation 
method for finding the approximants of the discrete-time 
uncertain system matrices G’ and H’ given in equation 
(13). Note that the evaluation of the interval approximants 
of G’ and H’, directly using the interval multipoint Pade 
approximation method, is practically impossible due to the 
nature of interval arithmetic and the inherent conserva- 
tiveness of interval arithmetic operations. For example, 
A’-Af#0,,(A’)-1(A’)#Z,,and(A’)2+A’~A’(A’+ 
ZJ. In general, interval analysis is carried out using real 
(i.e., degenerate interval) analysis to find the desired real 
result. Then the inclusive theorem (i.e., Theorem 1 in 
Appendix B) is applied to the result sought by replacing 
the real variables and real arithmetic operations with 
interval variables and interval arithmetic operations, re- 
spectively. The interval result thus obtained is guaranteed 
to be inclusion monotonic.‘2m14 
From equation (8) the matrix-valued function eArT E 
3 nxn with the degenerate interval matrix A, ~9~~” can 
be approximated by the second-order multipoint Pade 
approximation, which was discussed in Section 2.2, as 
follows: 
G, = &T E [qo1,+q1A,T+q,(A,T)2]-1 
x [ p,Zn +P,A,T+P,(A,T)~] A Gmpr
=pm[Z~+bIA,T+b2(A,T)2]-1 
x [ I,, +a,A,T+a2(A,Tj2] (184 
=p,,,Z~+p,[Z~+blA,T+b2(A,T)2]-1 
XKa, - b,)Z, + (a, - b,M,TlA,T (18b) 
where {po,p1,p2) and {qo, ql, q2) are the results of the 
Pade approximation, pm =P0/qo9 al =Pl/PO, a2 =p2/p0, 
6, = ql/qo, and b, = q2jqo. A less conservative result is 
obtain in equation (18b) as compared to equation (18a), if 
the interval arithmetic is applied to the evaluation of 
G mpr. When one of the interpolating points is zero, p,,, in 
equation (18) equals one, and the second-order multipoint 
Pade approximant of G, becomes 
G, = eA,r E [I,, + b,A,T+ b2(A,T12] -’ 
x [I, + a, A,T + a2(A,Tj2] k &,, W4 
=I,+ [Zn+b,A,T+b2(A,T)2]-1 
~[(a, - b,)Z, + (a, - b,)A,TlA,T (1%) 
The degenerate interval input matrices associated with 
equations (18) and (19) are, respectively, 
H, = (G, - Z,)A;‘B, = (G,,,,, - Z,)A;‘B, p Hmpr 
(20a) 
and 
H,= (G,-Z,)A;‘B, 
- [Z~+b,A,T+b2(A,T)2]-1 = 
~[(a, -b,)Z,,+(a,-b,)A,TlB,T~@,,,, 
(2Ob) 
Without losing generality we consider the case of p,,, = 
1 in the following sections of the paper. In fact, pm is 
equal to one only if one of the expanding points is chosen 
to be zero, but this can be determined by the user. 
Using interval arithmetic the multipoint Pade approxi- 
mants of the discrete-time uncertain linear system model 
can be presented as 
x,(kT+ T) =xx,,(kT+ T) 
= G,f,,x,,(kT) + H&,u,(kT), 
k= 1,2,.. . 
y,(kT) = Cx,(kT) = Cx,,(kT) 
where 
(21a) 
@lb) 
G& = [I, + b,A’T + b,(A’T?] -’ 
x [I, + a,A’T + a2(A’T12] 
zz,, + [Z, + b,A’T+ b,(A’T)‘] -’ 
~[(a, - bl>Z, + (a, - b,M’TlA’T 
Ok) 
(21d) 
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and 
H,& = [I,, +b,A’T+ b,(A’T)*] -’ 
X [(aI - b,)Z, + (a, - b,)A’T]B’T (21e) 
3.2 Continuous-time model conversion 
Consider a given discrete-time uncertain linear system 
x,(kT + T) = G’xJkT) + H’u,(kT), 
k= 1,2,... (22a) 
y,(kT) = Cx,(kT) (2%) 
where G’ EBF”~” and H’ E~S?‘~~ are interval matri- 
ces containing the respective degenerate interval matrices 
G, EsnXn with det(G,) # 0 and G, E G’, H, ~9”~~ with 
H, E H’. It is desired to find an equivalent continuous-time 
uncertain linear system model, shown below in equation 
(231, from the discrete-time uncertain system matrices 
(G’, H’) given in equation (22) in the form 
i,(t) =A’x,(t) +B’u,W (23a) 
y,(t) = c&(t) (23b) 
where A’ E~S”‘~” and B’ EYW~“’ are interval system 
matrices containing respective degenerate interval matri- 
ces A, EL%“‘~” and B, ES”~~, such that 
A, = iln(c,) E Gln(G’) ESL?F”~” (24a) 
B,=A,(G,-Z,,-‘H+B’ 
=A’(G’-Z,)-1H’~9z%‘“Xm (24b) 
The ordinary Pade approximants of A’ and B’ can be 
determined following the methods in Refs. 2 and 6 as 
(254 
B’zA;(G’-ZfH’eB; (25b) 
where 
R’=(G’-Z,)(G’+z,)-’ (25~) 
As mentioned in Section 2.2 the multipoint Pade ap- 
proximant of the matrix-valued function ln(G,) can be 
found to be in the following form: 
ln(G,) = [q,,Z,, + q,G, + q2G:l-l 
x[p,,Z, +P,G, +P,G,~I 
=~[Z,+d,G,+d2G,2]-1[Z,+c,G,+~2G,2] 
(26a) 
=/3(Z~+[I,+d,G,+d,G,?]-’ 
x [(cl - d,)Z, + (c, - d2)G,lG,) (26b) 
where P =pO/qO, cl =pl/pO, c2 =P~/PO, d, = ql/qO, and 
d, = q2/q0. Here, equation (26b) gives a less conservative 
result if the interval arithmetic is applied. Hence the 
approximants of the degenerate interval matrices A, and 
B, can be expressed, respectively, as 
A,=~ln(G,)_~~Z~+d,G,fd,G~]-’ 
x [I,, + ciG, + c,G,?l A A,,,, 
= ;(Z” + [Z, +d,G,+d,G,Zl-’ 
x [(c, - d,)Z, + (c, - d,)G,lG,) 
(27a) 
(27b) 
and 
B,=A,(G,-I,)-‘H,= ;[I, +d,G,+d,G,?-’ 
X[Z,+c,G,+c,G,?](G,-I,)-lH,kB,, 
(27~) 
X[k, -d,)z, + (c, -d,)G,]G,)(G,-I,)-‘H, 
W’d) 
Then the approximants of the discrete-time uncertain 
linear system matrices can be presented in the following 
interval form: 
x [Z, + c,G’ + c,(G’)‘] p A’, 
~;(Z~+[Z~+d,G’+d2(G’)Z]-1 
x [(c, - d,)Z,, + (c, - d2)G’lG’ 
) 
B1=A’(G1-Z,)-lH’ 
-;[Z~+d,G’+d2(G’)2]-1 
x [Z, + c,G’ + c2(G’j2] 
In (G’ - U,)-‘H’ 2 Bk 
$(Z”+ [Zn+d,G’+d2(G’)2]-1 
x [(c, - dI)Z,, + (c, - d,)G’lG’ 
> 
x(G’-I,)-*H’ 
(28a) 
(28b) 
(29a) 
(29b) 
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The ordinary Pade approximate system model in equa- 
tions (16) and (17) requires that the sampling period 
satisfy T < 2/)IA’I(, and the mode in equation (25) re- 
quires that the norm of the bilinear transform matrix 
satisfy ]IR’II < 1. *, 6 The multipoint interval Pade approxi- 
mate system models have no such requirements because 
with a different sampling period T and system matrix 
A’(G’), a different multipoint Pade approximant can be 
found such that the degenerate (nominal) interval approx- 
imant matches the degenerate (nominal) system model 
exactly (or much closely) instead of always using a unique 
approximant to fit different system matrices as in the 
ordinary Pade approximation method. But it is noticed 
that both the ordinary Pade method and the multipoint 
Pade method cannot guarantee the stability of the approx- 
imated models. 
4. Numerical example 
Consider an asymptotically stable linear R - L - C cir- 
cuit13 described by the uncertain state-space model in 
equation (12a). The nominal and perturbation system ma- 
trices of the model are given by 
(30) 
The initial state vector x,(O) = O,, 1, and the input vector 
u,(t) is a unit-step function. The corresponding interval 
form of the uncertain system model is 
A,= t-2.1,-1.91 
1 [0.9,1.11 
(::o13]] B’= [ ;:::;I 
(31) 
4.1 Model conversion of continuous-time uncertain 
linear Jystems 
Two uncertain model conversion methods, the interval 
ordinary Pade method and the interval multipoint Pade 
method, are used to find the approximate models of 
(G’, H’) and the solution of r,(kT), k = 1,2 ,..., from 
the continuous-time uncertain system model given by 
equations (12a) and (31). 
Using the implicit Euler integration method the Euler 
approximate discrete-time interval model was obtained in 
Ref. 13 as follows: 
(I, -A’T)x,(kT+ T) =P,(kT) + B’Tu,(kT) 
(32a) 
with 4,(kT) =%,(kT) or x,(kT), where Z-,(kTXx,(kT)) 
represents the vertex corresponding to the upper (lower) 
endpoint Zci(kTXxJkT)) of the ith component of the 
current interval solution x,(kT) in equation (32a). Solving 
the interval matrix equation in (32a) recursively it was 
reported in Ref. 13 that the approximate steady-state 
solution x,(kT) at t = t, = 6 set is 
x&J = 
LO.952381, 1.0526321 
[ 0.952381, 1.052632 ]
for T = 0.1s. 
(32b) 
Based on the interval ordinary Pade approximants 
shown in equations (16) and (17) the approximate system 
matrices (G,‘, Hi) and states x&j, at t = t,, = 6 set and 
T = O.ls, can be computed as 
[ 0.809983, 0.8275661 [ 0.000000, 0.000000 ] 
[ 0.068899, 0.087006 I [ 0.740820, 0.7408201 
[ 0.180395, 0.1821471 
[ 0.180372, 0.182176 I 
(33a) 
and 
x&J = 
[ 0.949363, 1.056323 1 
[ 0.948308, 1.0574961 
(33b) 
The corresponding approximate nominal system matrices 
can be calculated as 
(33c) 
The multipoint Pade approximant of the system matrix 
G&, shown in equation (21d) can be determined first by 
the method described in Appendix A. The five interpolat- 
ing points are chosen as 0, O.lTx trace&)/n, T Xs,, 
T x trace(A,)/n, and TX sr, respectively, where A, is 
the nominal system matrix given in equation (301, T is the 
sampling period, and sr = - 2 and s2 = - 3 are the eigen- 
values of A,. 
For T= 0.1s the coefficients in equations (18) and 
(21d) are p,,, = 1, a, = 0.487092, a, = 0.077149, b, = 
-0.512907, and b, = 0.090084, and the multipoint Pade 
approximate system matrices (G,&,, H&J and states xdm(t) 
at t = tp = 6, set are 
[ 0.810253, 0.827225 ] [ O.OOOOOO, .OOOOOO] 
[0.069201, 0.0866941 LO.740818, 0.7408181 
iO.180340, 0.1821951 
[0.180315, 0.1822261 (34a) 
and 
[0.950420,1.054512] 
[0.949465,1.055800] 
(34b) 
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The corresponding approximate nominal system matrices The corresponding approximate nominal system matrices 
are computed as are evaluated as 
The exact solutions of the nominal system matrices are 
calculated as 
(35) 
For T = 0.3s and t = tp = 6 set the solutions computed 
by the ordinary Pade method are 
and 
[ 0.519845, 0.5773321 [O.OOOOOO, 0.0000001 
[ 0.112403, 0.170800] 10.406919, 0.4069191 
[ 0.444914, 0.4572911 
[ 0.444506, 0.457788 1 (36a) 
x,,Ct,) [ 0.926510, 
1.081883 1 
= 
[ 0.925096, 1.083429 1 
(36b) 
The corresponding approximate nominal system matrices 
are 
G 
OP 
= 0.548588 
[ 0.141602 0.4:919] HoP = [k:;::::] 
(36~) 
For T = 0.3s the coefficients in equations (18) and 
(21d) are p, = 1, a, = 0.461473, a2 = 0.066278, b, = 
-0.538485, and b, = 0.105524, and the multipoint Pade 
approximate system matrices (GA,, H&l and states ,x&t) 
at t = t, = 6 set are 
G’p= ( [ 0.530547, 0.567215 1 [ 0.000000, [ 0.122696, 0.1622361 [ 0.406570, 0.0000001 0.4065701 
Hk= ( [ 0.443934, 
[ 0.443434, 
0.458395 11 
0.459005 1 (37al 
and 
1.059176 1 
1.063043 1 
(37bl 
G 
0.548881 0 
Omp = 0.142466 0.406570 I 
(37c) 
The exact solution of the nominal system matrices are 
calculated as 
o 40\570 1 
H,=(G,-IJA,‘B,= [;:;:;;;;I (38) 
It is observed that each entry of the discrete-time 
nominal system matrices in equations (34~) and (37~) 
approximated by the interval multipoint Pade method 
matches more closely with each associated entry of the 
exact nominal system matrices shown in equations (351 
and (38), respectively, than the corresponding discrete-time 
nominal system matrices given in equations (33~) and 
(36~1, which were approximated by the interval ordinary 
Pade method. 
The unit-step responses, x,,(t) and x,,(t), of the 
uncertain linear system described in equations (12a) and 
(311, with T = 0.1s and T = 0.3s, are plotted in Figures I 
and 2, respectively. From the response curves in Figures I 
and 2, it is observed that the approximate solutions 
3 
2 
E 
4 
Y Oo 
1 
1 2 3 4 5 6 
Time.secoad T=O.ls 
i
0 1 2 3 4 5 6 
Tiisecond TtO.ls 
Figure 1. The unit-step responses of states with T=O.l sec. 
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Time second T = 0.3s 
fs O& 
0.4 If 
..,.: - x.0); 
. . . . . ; 
- x,(0:. 
0 1 2 3 4 5 6 
Thesecond Tz0.31 
Figure 2. The unit-step responses of states with T=0.3 sec. 
x,,(t) ~.x~,,,(t). Therefore the interval multipoint Pade 
approximation method, as expected, gives a more accurate 
and a less conservative interval solution than the interval 
ordinary Pade approximation method. 
4.2 Model conversion of discrete-time uncertain 
linear systems 
For the continuous-time model conversion the discrete- 
time uncertain system model is given in the form of 
equation (22), and it is desired to find the corresponding 
continuous-time uncertain model described in equation 
(23). 
For T = 0.1s the discrete-time uncertain system matri- 
ces are given in equation (34a). The continuous-time 
uncertain system matrices computed by using the interval 
ordinary Pade approximation method are 
[-2.104069, -1.8966821 [O.OooooO, 0.0000001 
[ 0.883258, 1.118475 ] [ - 2.999866, - 2.999866 1 
[ 1.794362, 2.218796 1 
[ 1.663114, 2.3230991 (39a) 
and the corresponding nominal system matrices (denoted 
by A, and B,,) and the perturbation system matrices 
(denoted by AA, and ABJ are calculated as 
For T = 0.1s the coefficients in equations (28) and (29) 
are p = -2.083443, cr = -0.748832, c2 = -0.246150, d, 
= 1.482163, and d, = 0.124317, and the continuous-time 
uncertain system matrices (denoted by Af, and BL) com- 
puted by using the interval multipoint Pade method are 
A, = t-2.114503, -1.9119311 [O.OOOOOO, O.O4KK@O] 
m 
( [ 0.854636, 1.088133 I [ - 2.983067, -2.983067 1 1 
( 
[ 1.808788, 2.2298001 
B’ = [ 1.679191, 2.3327201 1 
(4oa) 
The corresponding nominal system matrices (denoted 
by A,, and B,,) and the perturbation system matrices 
(denoted by AA,,, and AB,) are computed as 
A = 
( 
- 2.013217 
tl, = (;;;;;;;i -2*9082067 
(4Ob) 
and 
0.000000 
0.116749 0 
(4Oc) 
For T = 0.3s the discrete-time uncertain system matri- 
ces are given in equation (37a). The continuous-time 
system matrices computed by using the ordinary Pade 
method are 
[ -2.111019, -1.8884121 [O.OOOOOO, O.OOOOOOl 
[ 0.839603, 1.150324 1 [ - 2.990070, - 2.990070 1 
[ 1.779608, 2.235941 I 
[ 1.608902, 2.3615691 
(41a) 
The corresponding nominal system matrices (denoted 
by Ao, and B,,) and the perturbation system matrices 
(denoted by AA, and AB,) are evaluated as 
A,, = 
- 1.999715 0.000000 
0.994964 - 2.990070 
(41b) 
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and 
o.OOOOOO 
0.155361 O.OOOOOO ) 
(41c) 
For T = 0.3s the coefficients in equations (28) and (29) 
are p = - 2.167906, cr = -0.762757, c2 = -0.214703, d, 
= 1.458163, and d, = 0.181178, and the continuous-time 
uncertain system matrices (denoted by Af, and B$ com- 
puted by using the interval multipoint Pade method are 
A, ( [ -2.14297, -1.9325841 [O.OOOOOO, O.OOOOOO] = 
m [ 0.759049, 1.044808 1 [ - 2.935576, - 2.9355761 
” [ 1.821236, ] 
2.268964 
= 
[ 1.669135, 2.382025 I 
(42a) 
The corresponding nominal system matrices (denoted 
by A,, and B,,) and the perturbation system matrices 
(denoted by AA, and A B,) are calculated as 
0 
- 2.935576 
and (43) 
(4%) 
(42c) 
Comparing the results in equation 39 with the results in 
equation (40) and the results in equation (41) with those 
in equation (42) it is observed that the approximate solu- 
tions obtained by the multipoint Pade approximation 
method are more accurate and less conservative than 
those determined by the ordinary Pade approximation 
method. 
5. Conclusions 
The degenerate (real) multipoint Pade approximation 
method has been extended to the interval multipoint Pade 
approximation method and applied to carry out the model 
conversions of continuous-time and discrete-time uncer- 
tain models. 
For a relatively larger perturbed system matrix and/or 
a sampling period in the model conversions the proposed 
interval multipoint Pade approximation method gives more 
accurate and less conservative interval approximate mod- 
els and solutions than those obtained by the ordinary 
interval Pade approximation method. An example is given 
to demonstrate the effectiveness of the proposed method. 
Appendix A: Algorithms for multipoint 
Pade approximation 
According to the definition of the multipoint Pade ap- 
proximation’“~ ‘r given in Section 2 the coefficients PO.. . 
pL and qo... qw in equation (2) can be found by compar- 
ing the coefficients of the Taylor series of F(s) and the 
Taylor series of R,,(s), which can be obtained by long 
division. This method for finding the coefficients of the 
multipoint Pade approximant is called the “direct method,” 
which needs to solve L linear equations and M simulta- 
neous equations. Therefore the inverse of an M X M 
Toeplitz matrix is required. 
Another effective algorithm for finding the coefficients 
of a multipoint Pade approximant is the multipoint contin- 
ued-fraction expansion method, which is given in Ref. 11. 
In this algorithm it is assumed that equations (1) and (2) 
exist and that equation (2) satisfies the property equation 
(3). Then the equivalent multipoint continued-fraction 
expansion of R,,(s) can be expressed as 
where 
R,,(s) 
1 
= 
hi + 
s-a, 
h,+ . 
s -a2 
h,-, + 
s-aN-, 
hN(S -uN)RAs) 
acai+ 1) = a(,i+,) = --- = a(,;+,) = si 
(F-i,=0 
i 
i-l 
Eie xnj, i=1,2 ,..., r+l 
j-1 
(4.4) 
(45) 
and RJs) is the continued fraction expansion at the 
interpolating point s = cQ, namely, 
1 
R,(s) = 1 (46a) 
=N+l+ 1 
zN+2+ . 
1 
ZK-r + - 
zK 
where 
K= ;;il, ( ,“I,” (46b) 
hi i is even 
zi= his i is odd (46c) 
Appl. Math. Modelling, 1997, Vol. 21, April 241 
Interval multipoint Pade approximations: F. Feng et al. 
and hi, i= 1,2 ,..., k, are called partial quotients of the 
multipoint continued fraction expansion. After the desired 
quotients are found the corresponding multipoint Pade 
approximant, as shown in equation (2), can be determined 
via the inversion operator of equation (43). 
A recursive algorithm for finding the partial quotients 
in equation (43) is reported in Refs. 10 and 11 and is 
described below. First we need to build a Routh array for 
each expanding point, including the expanding point s = s,. 
A total of (r + 1) Routh arrays need to be built. The 
Routh array for the ith interpolating point is listed in 
Table 1. Then the desired partial quotients can be found 
from the following equation: 
(47) 
fj,k = 
1, k=l 
fLk= 0, k=12 n. 
i 
(48a) 2 ,.a*, 1 
and 
The elements of the first two rows in Table 1 are deter- 
mined by 
Tbe rest of the elements in Table I are determined by the 
following recursive formulas: 
(fi,k-I +hj-2fj-l,k -&2.,k)/(aj-2 -Si), 
(49a) 
(49b) 
(49c) 
(49d) 
i=2,3 ,...,r; j = 3,4 ,..., 7iii+2; k=1,2 ,..., ni 
&,k+l +hj-r.&r,k+r, 
i = 1,2 ,**.I r; j=Tij+3,ii,+4,...,Ei+,+1; 
k=1,2 ,..., ii,+,-(j-2) 
aj-rfi,k-r -hj-~&~,k-r +fj-2,ky 
i=r+I; j=3,5,7 ,..., tii+2;k=1,2 ,..., ni 
aj-?.fi,k-l -hj-zfi-l,k +fj-2,ky 
i=r+l; j=4,6,8 ,..., Ei+2;k=1,2 ,..., ni 
Appendix B: Interval analysis preliminaries 
An interval number [a, b] is defined to be the set of 
x, ~5%’ such that a <x, < b. 12, I4 The arithmetic operations 
on intervals are defined as follows: 
[a,bl+[c,dl=[a+c,b+d]; 
[a, bl X [c, dl = [min(ac, ad, bc, bd), 
max(ac, ad, bc, bd)] 
[a, bl - tc,dl = [a - d, b - cl; 
ifOE[c,dl 
Note that the interval addition and multiplication are 
associative and commutative, and that the distributive law 
is subdistributive, i.e., 
[a,bl X ([c,dl+ [e,f I) 
G [a, bl X [c,dl + [a, bl X [e,fl 
Alternatively the interval number x1 can be represented 
as 
x1= [&Z] := {X,ESQ<X,<X) 
=[x,-Ax,x,+Axl 
where x,, = (x +X)/2 is the nominal value and Ax = (X - 
x)/2 is the uncertainty. The interval real number x, in x1 
is called a degenerate interval (real) number. 
For all n X n interval real (5%‘) matrices F’ = {f$> E 
ZPX” with interval elements f$ and G’ = {g$ ~5%‘“~~ 
with interval elements gI$ for all i and j the addition, 
subtraction, and multiplication operations can be written 
as 
F1+Gr={f~+g~}~.5Wxn (alli,j) 
FIG’= {f$}{g;) 
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Table 1. The ith Routh array of multipoint continued-fraction expansion 
f 1.1 f1.2 fl,, ... fi,n;-1 fl,,; 
f 2.1 f 2.2 f 2.3 ..’ f2,n;-1 f2.n; 
h 
f,+ 1 1 
n,+1= &( f f n,+1,1 fn,+1.2 'n;+,.3 ... 
f nj+1,n;-1 f n,+l.ni 
nj+2,1 
f n,+2,1 f ?r;+2,2 f n,+2.3 ". f rr;+ 2.ni- 1 f n,+2.ni 
f 
h Jr,+2 =11,+2.1( f?I,+3.1 fn,+3.2 f&,3,3 ... flr,+3,n,-1 f?i;+3,n, f ?r,+3,1 
f 
h n,+r-1 =n,,,-l.1( fir,+,-1.1 fn,+,-1.2 fir,+,-,.3 f “,+1.1 
f fi,+,.’ f “,+1,2 
f 
h =S( fn,+,+,,, %+1 f 
n,+,+1.1 
The interval matrix addition and subtraction operations 
are associative and commutative. However the interval 
matrix multiplication is, in general, not associative, and is 
only subdistributive. 
if F(x,, x*, . . . ) x,) is a rational expression or an irrational 
monotonic real function in the interval variables x1,x2, 
X .-*, a, i.e., a finite combination of x1, x2,. . . , x, and a 
finite set of constant intervals with interval arithmetic 
operations, then X; cxI,. . . , XL cx, implies F(x;, x;,. . . 
xi> c F(x,, x2,. . . x,) for every set of interval numbers 
X1,X 2,. . . , x, for which the interval arithmetic operations 
in F are defined. 
In this paper we use the Hansen’s method12, l4 to 
estimate the inverse of an interval matrix as shown below. 
Let an interval matrix A’ be A’ = {a$ ~92%‘“~” and 
an n x n real matrix A, = {aoij) be a degenerate interval 
matrix with each entry aoij = (fij + Zij)J2. Thus the inver- 
sion of the constant real matrrx A, can be found by any 
matrix inversion algorithm. Also, let E’~93?“~” be an 
interval error matrix given by 
EI=I, -A%;1 = {eh} E9T%‘“X” (all i, j) 
Define a norm of an interval matrix F’ = {fi:.} ~92’“~” 
for all i and j by 
IIF’II = 
Notice that IIF’II is an upper bound to the “maximum 
row-sum” norm of any degenerate (real) matrix F,, = {f,,ij) 
E F’, i.e., 
IIF’II >, IIFOII = I~iyn .k Ifoijl (all i,j) 
.-. J=1 
If IIE’II < 1, the desired (A’)-’ satisfies 
(A’)-‘_cA,‘[S; +P,‘] GW”X” 
where 
S; = Z, + E’(Z, + E’(Z, +E’(Z,, + E’C.. . ))I) 
has m additions, and PL = {ph] is an n X n interval 
matrix with identical elements, each of which is the 
interval 
ph = I -llE’llm+l llE1llmfl 1 - IIE’II ’ 1 - IIE’II 1 (all i, j) 
The Hansen’s method gives a less conservative estimate of 
(A’)-’ than any direct matrix inversion method with 
interval matrix operations. To reduce the inherent conser- 
vativeness of interval arithmetic operations, various im- 
provements such as the nested form, centered form, etc. 
are proposed in Refs. 12-14. 
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